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Expressions are given for the adiabatic exponent in equations with 
various independent parameters relating to processes involving evap- 
orative cooling of gases. Some peculiarities of such processes and 
unusual effects associated with them are discussed. 

In e v a p o r a t i v e  coo l ing  of a gas  in a h i g h - v e l o c i t y  
s t r e a m ,  o r  in the c o m p r e s s i o n  p r o c e s s  in a c o m p r e s -  
s o r  s tage ,  or ,  f ina l ly ,  s i m p l y  in a p ipe l ine  th rough  
which a gas  is  t r a n s f e r r e d  f rom one p a r t  of a p lan t  
to another ,  i t  is n e c e s s a r y  to t ake  into account  the 
p e c u l i a r i t i e s  of the p r o c e s s ,  and, in p a r t i c u l a r ,  the 
t h e r m o d y n a m i c  cool ing  effect .  This  l a s t  phenomenon 
is s o m e t i m e s  the ma in  ob jec t ive  of w a t e r  in jec t ion ,  
an e x a m p l e  being the a e r o t h e r m o p r e s s o r .  

The t h e r m o g a s d y n a m i c  cool ing  effect  has  not been 
s tud ied  v e r y  c l o s e l y .  An inves t iga t ion  of ad iaba t i c  
p r o c e s s e s  with phase  t r a n s i t i o n s  sheds  some  l ight  on 
i t s  c o m p l e x  laws  and is  the  f i r s t  s t age  in an a n a l y t i -  
ca l  t r e a t m e n t .  

The p r o c e s s e s  in e v a p o r a t i v e  cool ing  of g a s e s  a r e  
ad iaba t i c .  Because  of the a b s o r p t i o n  of the g r e a t e r  
p a r t  of the hea t  by the e v a p o r a t i n g  l iquid,  the c a l o r i c  
p r o p e r t i e s  of the m i x t u r e  of gas  and v a p o r  v a r y  ove r  
a wide range .  

T h e s e  p e c u l i a r i t i e s  of the  m i x t u r e  a r e  d e s c r i b e d  
by  the va lue  of the ad iaba t i c  exponent .  The l a t t e r ,  as  
is  shown by inves t iga t ion ,  may  take  v a l u e s  of both 0 
and ~o ,  and al l  p o s i t i v e  and al l  n e g a t i v e  va lue s ,  d e -  

pending  on the in tens i ty  of evapora t ion .  Ce r t a in  f in i te  
p o s i t i v e  va lue s  of the ad i aba t i c  exponent  a r e  a t ta ined  
when the in tens i ty  of e v a p o r a t i o n  with  r e s p e c t  to t e m -  
p e r a t u r e  (ade/0T)dq= 0 - -  +~o. In equa t ions  of the a d i a -  
ba t i c  c u r v e  with v a r i o u s  independent  p a r a m e t e r s ,  the 
ad iaba t i c  exponent  a s s u m e s  v a r i o u s  va lues .  

F o r  a m i x t u r e  con ta in ing  1 kg of d r y  gas ,  we wil l  
w r i t e  the  fol lowing equat ions :  

dQ = C u dT + pdV = 0, kJ/kg of dry gas, (i) 

dQ =- Cz dT-- Vdp = 0, kJ/kg of dry gas, (2) 

pV == RT, (3) 

C, - -  C u = R -- PeV e ~, k J / k g  of  d r y  g a s .  d e g r e e  (4)* 

w h e r e  

C. = ~,'O-T ],;,, =o: Ct~ -" ueL (5) 

t Ol 1 Ci : :  ~./"~- = Cp .4-' t e }, (6) 
].o-~o 

*See [1] with r e g a r d  to (4)-(6) .  

R = Rg + d e R  e is  the gas  cons tan t ,  depending in a 
given c a s e  on the v a p o r  content ,  k J / k g  of d r y  g a s .  

F r o m  (3) we obta in  

dT = (pdV + Vdp ~ TdR)/R. (7) 

With the  a id  of (1)-(7)  we find the equat ions  of an 
ad iaba t i c  p r o c e s s  with e v a p o r a t i v e  cool ing,  and ex-  
p r e s s i o n s  fo r  the ad iaba t i c  exponent.  We a c c o m p l i s h  
the d e r i v a t i o n s  by t h r e e  methods  having d i f f e r en t  o r i g -  
inal  equat ions .  In each of the t h r e e  c a s e s  we find t h r e e  
equat ions  of the  p r o c e s s ,  c o r r e s p o n d i n g  to t h r e e  p o s -  
s ib l e  combina t ions  of the v a r i a b l e  p a r a m e t e r s .  

1) The o r ig ina l  equat ion is (1). Subs t i tu t ing  the 
va lue  of dT f r o m  (7), we find 

(c~ + R) ~ + c. dp  __ c. dR 
v P -R-  = O. 

Using  (4), we obta in  

dV dp dR 
k.~ --V- + . . . . . .  O, (a) 

p R 

w h e r e  

k 2 ----- (C~ - -  P~e~)IC,, ( 8 )  

is  the  loca l  ad iaba t i c  exponent .  It is  convenien t  to 
de s igna t e  i t  by the  s u b s c r i p t  2. (Other e x p r e s s i o n s  
wil l  be ob ta ined  l a t e r ,  which we shal l  de s igna t e  k t 
and k 3. ) 

If the quantity k 2 may be assumed constant during 

the process or in a certain part of it, then from (a), 

after integration, we obtain the adiabatic curve equa- 

tion with independent parameters p and V: 

p V~'/R = const. 

F r o m  th is  e x p r e s s i o n ,  with the  a id  of (3), we may  
obta in  equat ions  with v a r i a b l e s  T, V and T, p: 

TV k'-' = const, 

T (R/p) ~:-')'k' = const. (9) 

The ad i aba t i c  exponent  k 2 in t hese  equat ions  mus t  
be  c a l c u l a t e d  f rom (8). We note that  of the t h r e e  equa-  
t ions  ob ta ined  for  the p r o c e s s ,  only one, with inde-  
pendent  v a r i a b l e s  T and V, has  the  usual  fo rm.  The 
o the r  two equa t ions  a r e  c o m p l i c a t e d  by the fac t  that  
they conta in  a t h i rd  v a r i a b l e  quant i ty  R, 

2) The o r i g i n a l  equat ion is  (2). Subs t i tu t ing  the 
t e m p e r a t u r e  d i f f e r e n t i a l  f r om (7), we obta in  

dV dR ( c , - R ) - -  up- -~-c, - ~ - - c ;  - -  =o  
p R 
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Table I 

Adiabat ic  Exponents  

p ,  V 

T, V 

T ,  p 

Gene ra l  expression 

Ci  

Ca 

C i - - P e  v e ;  
k., 

Cu 

lea. Ci . 
C,,+PeVeV 

For spec i a l  a d i a b a t i c  processes 

8 ~  
i[ 

() 

P e v e  

G "  ~ 0 
PeVe ~ 

~p 

i e  C:, 
" e CI ~- 

1 _cC~] 

Cp 

q ,'<,al~t 
kq, 

/e , : ( l  - u } ~ i e ~ - ( l  b) 
tl e 

....... - .27~-  - -  

tl-.--b 

I,'d (I : . ) - - (1  ! h) 

a -'e b 
It e 

Remark :  a : PVe/Ue; b = P d e ( 0 V e / O T ) r  V. The  exponents  k2p and kav  t a k e  
n e g a t i v e  va lues ,  k process  wi th  9 9 = const  is possible  at  t e m p e r a t u r e s  not  in excess  

of  the  c r i t i c a l  t e m p e r a t u r e  for the  vapor .  

and, e x p r e s s i n g  the d i f fe rence  t e r m  in b r a c k e t s  in 
t e r m s  of (4), we find 

ka ( dVV d~ ) , . . . .  dpp = 0 ,  0o) 

where 

G =- C/(C, + Pd'e~) (10) 

is a lso the local  adiabat ic  exponent.  
If ka may be a s sumed  to be cons tan t ,  then, in te -  

g ra t ing  (8), we obtain an equation with v a r i a b l e s  p 
and V 

p (V/R) k~ = const. 

S imi l a r ly ,  we also find the following two equat ions:  

(k=--I),  k a 
T / p  = const, 

T (V/R)/'~-1 - -  c o n s t ,  ( 1 1 )  

where  the va lue  of the adiabat ic  exponent  ka mus t  be 
d e t e r m i n e d  f rom (10). 

In this  ease ,  of the th ree  equat ions  obtained,  that 
with independent  v a r i a b l e s  T and p has the usua l  form.  
However,  the adiabat ic  exponent  is now e x p r e s s e d  by 
another  r e l a t i on  and the re fo re  d i f fers  n u m e r i c a l l y  
f rom k a. 

3) The o r ig ina l  equat ions  a re  those of an adiabat ic  
cu rve  of the usua l  type, (9) and (11), with v a r i a b l e s  

T, V and T, p. These  equat ions  may be wr i t t en  in 
the fol lowing form:  

TV ~'c', . . . .  const; Tp -~'ci -: const. 

If the f i r s t  one is divided by the second and then a root  
of degree  R/C i is ex t rac ted  f rom both s ides  of the 
equal i ty  obtained,  we obtain 

pV :~' = const, (12) 

where  

/el : :  Ci/Cu. (13) 

Making a subs t i tu t ion  in (12), in one case  of the vo l -  
ume and in the other  of the p r e s s u r e  f rom (3), we ob- 
ta in  equat ions with v a r i a b l e s  T, V and T, p in the 
fol lowing form:  

RTV k~-~ -- const, 

i~T,'p (:~,-~) :', : c o n s t .  

Consequent ly ,  in this  ease  also we obtain only one 
equat ion of the usua l  type for  the adiabat ic  c u r v e - - t h e  
equat ion with v a r i a b l e s  p and V (12). We again obtain 
a new e x p r e s s i o n  for the adiabat ic  exponent.  

Thus,  it  follows f rom a l l  that has been  said,  that 
if we take the o r d i n a r y  fo rm of the equation with v a N -  
ables  T, V; T, p; and p, V, the adiabat ic  exponent  in 
these  th ree  c a se s  wil l  be different .  The c o r r e s p o n d i n g  
e x p r e s s i o n s  a re  shown in Table  1. 

Table  2 

Coord ina tes  of Cen te r  of Hyperbola  

(~oordinates  For For 
of c en t e r  se,- h (b /', t% It) 

.=c 

k(, 

C I , 

ll e 

ie  

ll e 

C I . 

H c 

For  
ka la (=~ 

Cv 

[C 
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Table  3 

L imi t s  of Adiabatic  Exponent  Values in P r o c e s s e s  with Evapora t ion  

Proce.ss 
group ~ ,% k~ k. 

I 

II 

III 

1V 

_ ~  _ ~ Cp 
ie 

Cp C v 

i e  u e 

Cv  

U e  

O - - t  ~ 

i e _ 0 

U e  

0 - - - -  o~ 

- ~  ~ - k d 

k d  - t e  

u e  

Remark: kd, kzp and kav are from Table 1. 

1 - - k ~ p  

+ co - - k  a 

k d - -  1 

I - 0  

0 -- k3v 

k3v - -  k d 

kd-- I 
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Table  1 also gives  the r e l a t i ons  for  the adiabat ic  
exponent  in p a r t i c u l a r  ca ses  of an adiabat ic  p rocess .  
These  r e l a t ions  a re  eas i ly  obtained f rom the genera l  
exp re s s ions ,  b e a r i n g  in mind  [1] that in an ad iaba t i c -  
i sochor ic  p roce s s  C u = 0, in an a d i a b a t i c - i s o b a r i c  
p r o c e s s  C i = 0, in an a d i a b a t i c - i s o t h e r m a l  p r o c e s s  

= oo, and in an adiabat ic  p r o c e s s  at cons tan t  vapor  
content  ~ = 0. Somewhat m o r e  complex r e l a t i ons  a re  
obtained for  the adiabat ic  exponent k o in a p r o c e s s  at 
cons tan t  r e l a t i ve  humidi ty  ~.  We wil l  not give the 
method of obta in ing these  here ,  however .  

When the re  is va r i a t i on  in the in tens i ty  of phase 
t r a n s i t i o n  }, the t e m p e r a t u r e  coeff ic ients  C u and C i 
va ry  cons ide rab ly .  This  has an effect on the adiabat ic  
exponent,  as follows f rom the gene ra l  e x p r e s s i o n s  for 
k b k2, and ka. This  dependence  is shown graph ica l ly  
in the f igure .  

A ca lcu la t ion  was made for  a i r  under  the fol lowing 
condi t ions:  p = 2 .25.105 N / m  2, t = 500 ~ C, d e = 0.02 
kg/kg  of d ry  a i r ,  and for  va r ious  va lues  of the in t en -  
s i ty  of evapora t ion  ( = ( -1 -+0 .6 )  �9 10 -3 kg /kg  of dry  
a i r  pe r  degree .  

The re la t ion  k = f(~) in all  t h ree  cases  is e x p r e s s e d  
in t e r m s  of l i n e a r - f r a c t i o n a l  funct ions ,  graphs  of 
which a re  equ i l a t e ra l  hype rbo la s  with asympto tes  p a r -  
a l le l  to the coord ina te  axes.  To find the asympto tes  
of these  hyperbo las ,  it is suf f ic ient  to find the coo rd i -  
na t e s  of t he i r  c e n t e r s  in each of the th ree  cases .  Since 
we know the equat ions  of the hype rbo las  (Eqs. (8), (10), 
and (13)), this  is eas i ly  accompl i shed  by o r d i n a r y  
m a t h e m a t i c a l  methods.  The cen t e r  coord ina tes  fotmd 
for  each hyperbo la  a re  shown in Table  2. 

F r o m  Table  2 and the f igure  it  may be seen that 
the a b s c i s s a  of the c e n t e r  of the two hyperbo las  r e -  
l a t i n g t o k  1 a n d k  2 i s  ~ = - C v / u  e. But f r o m  [11 it is 
known that for  such a phase t r a n s i t i o n  ra te ,  an ad ia -  
b a t i c - i s o e h o r i c  p r o c e s s  occurs .  T h e r e f o r e  k 1 and k2 
pass  through :L~o in an a d i a b a t i e - i s o c h o r i e  p roces s .  
The point  A on the a b s c i s s a  axes c o r r e s p o n d s  to this  
p roces s .  

It is known that the region  of the graph between the 
asympto te  p a s s i n g  through the point  A and the coo rd i -  
nate  axis  (with ~ = - C V / U e - 0  ) is a s soc i a t ed  with ex-  
pans ion  p r o c e s s e s .  T h e r e f o r e  the sec t ions  of the cu rves  
lying in this  region  d e t e r m i n e  the va lue  of the ad ia -  

bat ic  exponent  in expans ion  p r o c e s s e s ,  and those to 
the r ight  and left of this  r e g i o n - - i n  c o m p r e s s i o n  p ro -  

c e s se s .  
The cu rves  in the f igure  i n t e r s e c t  the a b s c i s s a  axis 

to the left  of point  A, and there fore ,  in p r o c e s s e s  with 
evapora t ion  of an in jec ted  l iquid,  the adiabat ic  expo-  
nen t s  kl ,  k 2 and k 3 may  take zero  va lues  only  in  c o m -  
p r e s s i o n  p r o c e s s e s  (at reduced t e m p e r a t u r e ,  as will  
be shown below). 

The exponents  k 1 and k 2 vanish  at a s ingle  va lue  of 
~, and in this  case  the c o r r e s p o n d i n g  cu rves  i n t e r s e c t  
(point B in the f igure).  To find the va lue  of } c o r r e -  
sponding to this  point,  we equate to zero  the e x p r e s -  
s ions  f o r k  t o t  k 3 f r o m  (10) or  (13). We find as a r e -  
sul t  that  C i = 0, and e x p r e s s i n g  C i accord ing  to (6), 
we obtain 

:= _ _  C f i  e. 

The values obtained for C i and } define an adiabatic- 
isobaric process [I], to which the point B on the ab- 

scissa axis corresponds. 
The adiabatic exponent k2 takes a zero value, as 

follows f rom (8) ,'rod (6), when 

e~e~ 

or  for  an evapora t ion  ra te  of 

::  - -  C / ,  e" 

All t h ree  cu rves  i n t e r s e c t  on the o rd ina te  axis.  Since 
then } - 0, k =  C p / C v ,  i . e . ,  it takes  on the usual  ex- 
p r e s s i o n  for the adiabat ic  exponent  in a p r o c e s s  with-  
out phase t r a n s i t i on .  

A graphica l  r e l a t ion  is shown in the f igure  for  a 
gas t e m p e r a t u r e  (500 ~ C) above the c r i t i c a l  t e m p e r a -  
tu re  of wa te r  vapor  (374" C), and the re fo re  the re  is 
no phys ica l  s ta te  c h a r a c t e r i z e d  by the r e l a t i ve  humid-  
ity. In this  case  adiabat ic  p r o c e s s e s  with evapora t ive  
cool ing mus t  be divided into four  groups .  The r anges  
of adiabat ic  exponent  va lues  for each of the four  groups  
a re  given in Table  3. 

Only group III con ta ins  expans ion  p r o c e s s e s .  Com-  
p r e s s i o n  p r o c e s s e s  of the f i r s t  two groups differ  f rom 
the c o m p r e s s i o n  p r o c e s s e s  of g roup  IV as r e g a r d s  the 
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s ign  of the t e m p e r a t u r e  i nc r emen t .  P r o c e s s e s  of g roups  
I and II t ake  p l a c e  with dT < 0, due to the  c o n s i d e r a b l e  
cool ing.  A convenien t  coo l ing  r a t e  c r i t e r i o n  is  the  vo l -  
ume  phase  t r a n s i t i o n  r a t e  

av / dq=o 

P r o c e s s e s  of the f i r s t  two g roups  o c c u r  at  a cool ing  
r a t e  

to~[ > p/ue. 

In the p r o c e s s e s  of group IV, d T >  0, s ince  the 
cool ing  r a t e  is  r e l a t i v e l y  low: 

3) In g roup  II p r o c e s s e s ,  i . e . ,  with an evapo ra t i on  
r a t e  

Cp /Ode \ Cv 
- 

l e l l  e �9 

al l  t h r e e  ad iaba t i c  exponents  t ake  nega t ive  va lues .  
4) T h e s e  unusual  p r o p e r t i e s  a s s o c i a t e d  with p r o -  

c e s s e s  with e v a p o r a t i v e  cool ing  lead  to unexpec ted  
flow ef fec ts .  Thus,  for  example ,  the p r e s s u r e  may  
d rop  dur ing  c o m p r e s s i o n ,  and the r educ t ion  in p r e s -  
s u r e  may  be accompan ied ,  not by an i n c r e a s e ,  as  is  
usua l ,  but by a d e c r e a s e  in s t r e a m  ve loc i ty ,  and so 
for th .  

]~,[ < p/ue. 

The b o u n d a r y  be tween  p r o c e s s e s  of g roups  I and 
IV (beyond the  l i m i t s  of the  graph)  is  an i s o t h e r m a l  
p r o c e s s  in which the le f t  and r igh t  s i d e s  of the given 
i nequa l i t i e s  a r e  equal .  Th is  is  ob ta ined  with } = ~ .  

With  t hese  p a r a m e t e r s  of s t a t e ,  fo r  which the c u r v e s  
in the  f igu re  w e r e  c o n s t r u c t e d ,  the  n u m e r i c a l  va lue s  
of the quan t i t i e s  of Tab le  3 a r e  as  fo l lows:  }p = - C p /  
/ i  e = - 0 . 3 1 -  10 -3 k g / k g  of d r y  a i r .  d e g r e e  = - 0 . 3 1  g / k g  
of d r y  a i r .  d e g r e e ;  }V = - C V / U e  = - 0 . 2 5 . 1 0  -3 k g / k g  
of d r y  a i r .  d e g r e e  = - 0 . 2 5  g / k g  of d r y  a i r .  d e g r e e ;  
k iT = i e / u  e = 1.116; k2p = - 0 . 6 0 2 ;  k d = 1.38; k3v  = 
= - 2 . 2 9 ;  the vo lume  phase  t r a n s i t i o n  r a t e  a~ = - 0 . 7 2 2  
k g / m  a. 

Tab le  3 m a k e s  a spec i a l  d i s t inc t ion  for  p r o c e s s e s  
of g roup  II fo r  which al l  t h r e e  ad iaba t i c  exponents  
t ake  nega t ive  va lues .  The quan t i t i e s  k 2 in g roup  I and 
k3 in g roup  III t ake  nega t ive  v a l u e s  in pa r t .  

Thus,  we come  to the  fo l lowing  conc lus ions :  
1) The loca l  ad iaba t i c  exponent  t a k e s  va lues  f r o m  

- ~  to +~, depending on t h e  evapo ra t i on  r a t e .  
2) In the ad iaba t i c  c u r v e  equat ions  with d i f f e r en t  

independent  v a r i a b l e s  (p, V; T, V; p, T), the a d i a -  
ba t ic  exponent  t akes  d i f f e r en t  n u m e r i c a l  va lues .  

NOTATION 

C u and C i a r e ,  r e s p e c t i v e l y ,  t e m p e r a t u r e  co-  
e f f ic ien t s  of i n t e rna l  ene rgy  and enthalpy,  k J / k g  of 
d r y  gas  �9 de g re e ;  C V and Cp a r e  the i s o e h o r i c  and i so -  
b a r i c  hea t  c a p a c i t i e s ,  r e l a t i v e  to 1 kg of d r y  gas ,  in 
phase  t r a n s i t i o n  p r o c e s s e s ,  k J / k g  of d r y  g a s .  deg ree ;  

= (Ode/0T)dq= 0 is  the  phase  t r a n s i t i o n  r a t e ;  d e is  
the  v a p o r  content  in k g / k g  of d r y  gas ;  Pe and v e a r e  
the  p a r t i a l  p r e s s u r e ,  N / m  z, and spec i f i c  volume,  
m3/kg  in m i x t u r e  condi t ions ;  u e and ie a r e  the i n t e r -  
nal  e n e r g y  and en tha lpy  of vapor ,  k J / k g ;  (P is  the  r e l a -  
t ive  humid i ty  of gas .  
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